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ABSTRACT

A HYBRID ELEMENT METHOD FOR CAILCULATING
THREE-DIMENSTONAL SCATTERING OF WATEK WAVES

by

DICK K. P, YUE, H. §. CHEN and C. C. MEI

Under the assumption of a harmonic, small-amplitude incident wave,
an effective hybrid finite element method for calculating wave scattering
by and resulting forces on a general three-dimensional body 1s presented.

The method is applied to four different geometries. Analytic or
independently obtained solutions are available for two of the geometries and
comparisen indicates perfect agreement. No cother selutiomns are known for
the other two geometries.

All numerical results are checked using Optical Theorem, and convergence
tests are performed. A user's manual for the computer program as well as
suggested erxtensions to the program are also included.

While only the scattering problem is formulated and solved in the
present work, extension to the solution c¢f the mathematically similar radia-
tion problem is quite straightforward.

The three-dimensional hybrid element method is a practical one for
engineering applications 1in water wave problems, and offers a good alternate
to the Greern function method, especially for complex geometries.
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1.  INTRODUCTION

Along with the technological advances in the design and construction
of large ships and off-shore structures, the need for an efficient and
versatile method for calculating wave forces and other hydrodynamical effects
to supplement laboratory testing is now widely recognized. The present
work is also motivated by such needs in an imaginative project of ocean
engineering, i.e., the Atlantic Generating Station project. To meet the
increasing demand of electric power and to minimize environmental hazards,
the Public Service Electrie and Gas Company of New Jersey proposes to
construct a nuclear power plant at a site three miles offshore from Atlantic
City. Two nuclear power plants of 1150 MeW capacity will rest on two
square platforms floating in a basin protected by two giant breakwaters. To
ensure sufficient supply of cooling water at a low intake flow rate, two
openings of 130 ft. width will be made in the breakwater system which 1is
roughly 2000 ft. in diameter. For the proper design of mooring systems,
prediction of possible basin and platform oscillation, and the wave forces,
due to incoming sea is needed. This work deals with a modern numerical
method which is potentially useful for the Atlantic Generating station as
well as for other large ocean structures,

In reality, the waves in a severe storm are highly complicated, being
large in amplitude and of a random nature. For thecretical work, it is
often necessary to assume the incident wave amplitude to be small so that
one can work with a linearized approximation. In this limited framework.
useful general relationships among the hydrodynamical quantities can be

deduced; see for example Haskind, 1957, Wehausen, 1971 and Newman, 1976.



For a few very specialized geometries, analytic solutions are also possible
(for example, MacCamy and Fuchs, 1952). For general geometries, however,
a largely numerical method is necessary, the semi-analytic Green function
method being the most popular. By using a Green function of some sort, this
method transforms the boundary value problem into an integral equation along
a line for two-dimensional, or over a surface for three-dimensional problems,
which usually includes the boundary of the solid structure. By dividing
the interval into small segments and making piece-wise approximation, the
integral equation is discretized to give an approximate set of algebraic
equations. Solving the algebraic system, the unknown in the interval is
found and the flow quantities in the entire field can be subsequently
computed. This method is conceptually simple but the Green function or the
kernel of the integral equation is singular, and numerical evaluation of
its integral or derivative is laboricus and complicated. The resulting
algebraic equation has a fully populated coefficient matrix with very involved
slements. Furthermore, the computation of flow quantities after the solution
of the integral equation is found can also be quite time consuming.
The method is consequently expensive, both computationally and in terms of
the analytic preparation required. Nevertheless, this method has been
successfully used by several authors; see for example Garrison, 1974,
There are also situations where the Green functions are either too
complicated or cannot be easily constructed. Alternative, more efficient
methods are desirable.

We present here a more direct method involving finite elements. The

general idea is to use discrete finite elements in the region near



complicated bodies and/or bottom surfaces, while some formal analytical
representation is assumed in a region away from them. Similar ideas

have been used long ago in conjunction with finite difference schemes
where there is a singularity in the region of computation. It is based on
a plausible argument that an analytical solution of reasonably elementary
form which satisfies the differential equation and some of the boundary
conditions, in particular the singularity condition, must provide 2 more
efficient representation than a simple interpolation function which
satisfies few or none of these conditions. Near solid surfaces of arbitrary
geometry, analytiec representation is often too cumhersome or impossible;
it is here, however, that the power of finite elements can be most fully
utilized.

In this hybrid approach, the boundary value problem is recast as a
variational principle which incorporates the matching of the solutions in
the finite element interior region and the analytic exterior region as
natural boundary conditions so that all the unknown parameters associated
with both regions can be solved simultaneously after discretization. This
is the most important feature of the present hybrid method., Under this
scheme, the finite elcment region can be greatly confined; the radiation
condition is satisfied exactly; local and global matching are implicit, and
nc iteration is required. The total number of unknowns is greatly reduced,
and the coefficient matrix involved is narrowfbanded with quite simple
components.

For two-dimensional problems, such as plane waves incident on an

infinitely long cylinder, a body with rotational symmetry about the vertical
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axis, or long waves in shallow water where the vertical dependence is
omitted, this method has been applied with success by Chen and Mei, 1974,
and Bai and Yeung, 1974, where computational experiments show that the
hybrid element scheme ig an attractive alternative to the integral equation
method, especially for complex geometries.

For strictly three-dimensional bod;gs, the only numerical method
that has been successful is the Green function method, and it is wvaluable
to extend the hybrid element method to general three-dimensional problems
to study its feasibility and efficiency. This is the task undertaken in
the present study. Because of the significant increase in computation time
and storage associated with an additional space dimension (Black, 1975
estimates a typical increase in computation time of the order 100 times for
same body dimensions and wavelength), it is not clear a priori whether

this method offers a viable alternative to the Green fupction method.

1.1 Scope of the Present Study

The linearized boundary value problem for general three-dimensional
scattering of water waves is stated. By constructing an artificial surface
to enclose all complex gecometries, an equivalent variational statement,
which states that a functional made up of certain integrals involving the
anknown flow field is stationary, is given and proved. Based on this
variational principle, and using a vertical circular cylindrical surface, a
hybrid element method is formulated. The fluid region inside is discretized
into a number of hexahedral {six-sided block } isoparametric quadratic

finite elements, while a truncated eigenfunction series solution with

- 10 -



unknown coefficients is used in the exterlor which is assumed fto be of
constant depth. Imposing the stationarity of the discretized functionmal,
a system of linear algebraic equations is obtained, which includes as
unknowns the finite element nodal parameters and the coefficients of the
exterior analytic solution. This resultant system is solved by direct
Gauss elimination.

For illustration, the three~dimensional wave scattering problem is
solved numerically. We point out that the radiation problem.. i.e. waves
due to oscillating hodies, is mathematical so close to the scaLtering problem
that the present method can be adapted with trivial modification. The
following geometries are considered :
(1) a vertical circular cylinder in constant water depth,
(2) a circular cylindrical platform in water of constant depth,
(3) a square platform in constant depth, and
(4} an elliptical island with a circular toe.
Results for a range of wave periods and incidence angles for the cases are
presented in Chapter 3. While all the four geometries involve one or
more vertical planes of symmetry and therefore simpler methods of computation
are available, we have taken no advantage of symmetry and each example is
treated as a general three-dimensional problem. In particular, the first
two geometries possess axisymmetry and can be solved in a two-dimeansional
manner, and analytic (MacCamy and Fuchs, 1952 for the vertical cylinder) and
semli-analytic (Black, Mei and Bray, 1971 and Garrett, 1971 for the circular
platform) solurions are available for comparison. To our knowledge,

no other solution exists for the latter two examples.

- 11 -



The mathematical background--the boundary value problem and the
variational principle—is given in the remainder of this chapter while
Chapter 2 summarizes the hybrid element formulation. Convergence tests
and error estimates are presented in Chapter 4, computational aspects and
program usage are discussed in Chapter 5 where sample computer listings
are also included. Conclusions and suggestions for improving and extending
the program are given in the last chapter.

-

1.2 Mathematical Statement of the Problem

The general three-dimensional scattering of water waves in an ocean
is formulated under the following assumptions:
(a) incompressible, inviscid, irrotational flow;
(b) small wave amplitude;
(¢) simple harmonic incident waves;
{(d) impermeable, perfectly reflective solid boundaries.
. . . ~iwt
1f we define the velocity potential as the real part of ¢ = ¢ e

where w is the angular frequency of the oscillations, then ¢ must satisfy

(see Fig. 1.1):

Vg =0 in V (1.2.1)
B _w o, o

Eys ; p =0 en z = 0 (in F) {1.2.2)
%% =0 on all solid boundaries (in B) (1.2.3)

The scattered wave defined by ¢s = ¢ - ¢I where ¢I is the incident wave,

must satisfy the radiation boundary condition:

- 12 -



Figure 1.1 The boundary value problem

Figure 1.2 Introduction of the artificial circular cylindrical boundary,

5
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1im

k T 0
=}

’r (5-3;— iko)(ps =0 on S (1.2.4)

whereko is the wave number associated with w. The solid boundary B includes

all floating or submerged bodies and the sea bottom.

1.3 Hybrid Finite Element Formulation - the Variational Principle

Assuming that all body and depth irregularities are reasonably confin—
ed, say, within a radius r., we jntroduce an artificial vertical circular
cylindrical surtace S of that radius so that all solid bodies and depth

variations are just enclosed (see Fig. 1.2).
We now show the equivalence of the boundary value problem and the

ctationarity of the following functional (Chen and Mei, 1974}

( 2 ¢' ' ¢" )
MORY % (V4)2 av - J %}E $2 dF + J [ - &) "’Br -3 -.—;}]ds
\Y ¥ 5
(1.3.1)

For clarity, we use the { )' notation to denote quantities outside of S
while the non-primed variables denote now only quantities associated with

the fluid region inside of S. The first integral is hence a volume integral
over the finite element fluid volume, V; while the integrals over F and 5
are surface integrals, the former only over the free surface in the interior
of 5. The total wave potential outside of §, ¢' and the scattered potential
¢; =¢' - ¢1 are assumed to satisfy Eqts. (1.2.1) ~ (1.2.3) and Eqt. (1.2.4)

respectively. Clearly, if ¢ also satisfies Egs. (1.2.1) - (1.2.3) in V, and

if ¢ and ¢' are matched on § such that

- 14 -



¢ = ¢' (1.3.2)

on S

3 _ 3¢] |
2. . (1.3.3)

then ¢ and ¢' form the complete solution in V and V'.
By assuming constant depth in V', it is easily shown that the scattered

potential ¢S' can be represented by a double series of eigenfunctions:

¢; EHEO (aon cos nd + Bon sin nb)cosh ko (z + h)Hn(l) (kor)
+ z Z (@ cos n® + B sin nB)cos k (z + h)K_ (K 1) (1.3.4)
m=1 n=0 o m " roon

where h is the constant depth in V', and k , ¥ , m = i, 2, 3, ... are
o' m

respectively the positive real roots of the equivalent dispersion relations

2
k taph k h = &
o o 2

b4
K tan K h = - *- m=1, 2, 3, ... (1.3.5)
m m g

The proof of equivalence goes as follows. Taking the first wariationm,

we have
f wz
8§J(¢p) = (Vp+V8¢)dV - [ Y $8¢ dF
v F
Sb 3 % sser 0% 0
AL R - A A 1as

- 15 =



where use is made of the fact that ¢I is prescribed (i.e., 6¢I = (). Now

by Green's theorem:

(Vo-VEp)aV = ~ [ 2 9¢ gl
j Vd)écbdF-t—J[ an6¢dB+IFaza¢dF+I

3% §¢ as
v v B ar

S

>
where n is the unit normal pointing outward from the fluid, so

§3(9) -I V2480 dv+J 30 _ e gy dF+f —giacpds
v & n

p 97 B

o] 1GE-Tse - 0- e 89" yas

9
5
1 v 3 (e - Lo - ¢y 38T
+2J (86" = (9" = o) - (8" - &) - 14
S

The last integral

1 DD e e - (o - g 3
2 J 160 Y (¢ ¢T) (¢ ¢I) . 148
S
A ! ¢ !
- J; v 5 ' &
C 2 J [6¢s or ms 3 1dS
S

V'




vanishes by virtue of Eqs. (1.2.1) - (1.2.4), whence
- 2 3 _ w? ¢
§J(¢) = JV¢5¢dV+J(aZ g¢)6¢dF+J3n6¢dB
v F B
b 0GB ss - o - o0 B gas =0

or
s

on account of Eqs. (1.2.1) - (1.2.3) and the matching conditions (1.3.2),
(1.3.3) on S. Thus J{(¢) is stationary if and only if ¢ is a solution to the
boundary value problem in V, ¢' a solution to the boundary value problem in
V', and the coefficients of ¢S' in Eqt. (1.3.4) are such that ¢, ¢' are
matched on § according to Eqts. (1.3.2) and (1.3.3).

It should be noted that only ¢I must be prescribed and all other match-
ing and boundary conditions are satisfied as natural boundary conditions.

Before we conclude this chapter, a few comments are due. First, it
should be noted that while we have chosen a circular cylindrical surface for
S for simplicity of evaluating the integrals over it, $ can in practice take
on quite general (say elliptical, spherical etc.) shapes. Secondly, later
investigation (see Sections 4.3) indicates that it is almost always more
efficient to choose S as small as possible at the cost of haviang to use more
series terms in the analytic expression for the solutiom in V'. Of course, S
must still enclose all floating or submerged bodies and bottom changes, and
for numerical accuracy, S must allow finite element aspect ratio not to
deviate significantly from unity.

Thirdly, the analytic expression in V' (Eqt. (1.3.4)) may in general be
chosen in a number of other ways, say, using a Green function representation.

The latter choice, however, would lead to an integral equation on35, and hence

possesses much of the undesirability of the direct integral equation approach,

- 17 -



2, THE FINITE ELEMENT FORMULATION

We rewrite the functional (1.3.1) as

-

1 1 2
J(¢)-‘ 57 (V6)" av L
v
[ 2
w 2
- ) 28 dF 12
F
(
1 .49 4
+ ) 2 ¢s ar $g 48 I3
s
[ o8 gt oas 1
) ér 's 4
S
Y
+ [ ¢I or ¢s IS
s
3
- J ¢ 5= ¢  dS I (2.0)
s

Here the incident wave ¢I can also be expressed as partial waves

igao ikor cos(0 - 61) cosh ko(z + h)
qJI ST e & cosh koh

(2.1.a)

iga cosh ko(z + h)

= - n _
w cosh k h nEOEn 1" 3 (k r)cos n(6 - 8,) (2.1.b)

where a, and BI are respectively the amplitude and incidence angle of the

incident wave, and the Jacobi symbol
e =1 n=20

= 2 n=1, 2, 3, ...

- 18 -



ig introduced. The scattered wave in the outer region V' is as before

=]

61 = L [a_ cos nd + B sin n8] cosh k (z + h)Hél)(kor)

n=0
+ I I (amn cos nd + an sin nf) cos Km(z + h)Kn(Kmr) (1.2.4)
m=1 n=0 .

where ko, Ky o= 1, 2, ... are defined as in Eq. (1.2.5). For simpli-

city we define

km =1 € m=1, 2, 3, «.. (2.2)

and km are now the roots of

w?
k tanh k h ~ —
m m g

Il
(o]

n=0, 1, 2, 3, «.:

which are real for m = 0 and pure imaginary for m =1, 2, 3, .... DNote
that forn = 1, 2, 3, ...
cosh km(z + h) = cos Km(z + h)

il
Hil)(kmr) =R (k1) e 71 (1)

and
—%i(n+1)

Hil)'(kmr) = -1 K;(Kmr)‘% e

We can now rewrite, by redefiming ¢ and B_,
mn mn

'nw o ‘ (1)
o mEO nzo (dhn cos nb + an sin nf) cosh km(z + h)Hn (kmr)

(2.3)
The evaluation of each of the integrals {(denoted as 11, 12, vae 16)

are presented in the following sections.

- 19 -



2.1 The Volume Integral Il

I, = J -% )% av
v
if we subdivide the domain V into Mv finite elements and choose Ny
nedal points x, inV, i=1, 2, ""NV’ such that the potential in each
element can be approximated as a linear function of the potential values
on nodes within or on that element, using superscript ( )e to denote

. . . e
quantities associated with element e, we have, for an element with M

nedes e
e M e a
¢ =iil Ny ¢i (2.1.1.3)
or if we let
e, T _ e e e e
N} = {Nl, Ny vees Nﬂg} 1 XM
and
(%17 = (65, 450 oo 4.} 1 x M
M
then
»® = N} (6%} (2.1.1.b)

Here the interpolation functions Ni are in general functions of coordi-
nates, whether global or local to the element e.
For properly chosen elements and associated interpolations, and for

sufficiently large M,, we can write

- 20 -



5 1
= L I > (v¢%) 2 av®
e= VE
etV
= I J %-(V{NGJT{d:e})2 av®
e= VE.
eeV
M,
= 3 20N [ Vo) v v 6%
a=1 Ve
etV
M,
= 5 28T [KS1 {6°)
e=1
etV
= 2 {937 [k, {¢} (2.1.2)
where
e, _ e e T . e e e
[K,) = 1 J V{N} VINT}" av ] M- XM

Ve

and
o awi au? ami an? EN: 3N§ e e
KV ij = J o ¢ ax dx + dy 3y + dz 82) dx” dy~ dz
v

i, j =1 toM  (2.1.3)

and in the last equality of Eq. (2.1.2) an assemblage is implicit where
63 = (6,5 6,0 wuey b )
17 72 ’ Ny

is the upion of all the {¢e]'s which in general are not mutually exclu-

sive.

- 21 =



Clearly each [Ks] is symmetric and real (N: are real), and hence
the globally assembled result [KV] is also real and symmetric. Further-
more, with shrewd node-numbering, [KV] can usually be made banded.

In this study, we have chosen isoparametric hexahedral elements of
the "Serendipity" family contalning 20 exterior nodes and quadratic
interpolation fumctions, Ni, i =1 to 20 (Zienkiewicz et al, 1969)(see

Fig. 2.1):

|k

N-z

=R @ EE)E ) T8, (B8 g 4EE - D)

i=1+to 8

= =+
& Nyo Ci *1 (cormer nodes)

_1 g2 .
N, =7 (L - £ + nni)(l + cci) i=9 to 12

g

» = =+
g =05 My Ty = ALy

N, = %—(; +EED@ - N +TL) 1= 13¢0 16

n

. = % 1
i 0; Ei’ Ci 1 >m1dside nodes

A+ g5 +maA - z*) i=17 to 20

gy =03 &,y = 114
(2.1.4)
where £, N, £ form the local coordinates and Ei, ni, Ci = 0, *1 are the
nodal coordinate values.
By choosing the same functions Ni to map a local point from the

E, n, L space into the global x, y, z space via the nodal coordinates,

we get



[ an J

20¢

Figure 2.1 The 20-node hexahedral element with exterior nodes only (in

local coordianates)

(1,0,1)

N

o X

Figure 2.2 The caughter arbitrarily orilented, guadratic-sided hexahedral

element in global coordinates after isoparametric mapring

- 23 -



[~
X
vy = x%1N%) (2.1.5.2)
a
2z
\ o
where
B T
B T I 10
e
[X7] = (2.1.5.b)
Y9 Y2 +o> Y20
z. Z . B
_ 1 72 ZQ_
is the 3 x 20 matrix of the global coordinates of the nodes and
(2.1.5.¢)

e T
{N } - [Nl (E) Ny g)a LIRSS N20(E’ Ty C)]
Arbitrarily shaped and oriented hexahedral daughter elements with quadratic

sides can be adopted in region V (see Fig. 2.2). Note that aside from

aspect ratio considerations for good numerical convergence, the sides of

the daughter element need not be of equal length nor the "midside" nodes

be at mid-distance, under this isoparametric mapping.
The choice of the element is made for several reasons. The block shape
allows for convemience of element arrangement and of node numbering. The

element is quadratic so that a much smaller number of them would be required

to achieve the same accuracy; furthermore, isoparametric mapping results in

much better approximation of boundary surfaces, for example, for quadratic

surfaces, the representation is exact.
Returning to Eq. (2.1.3), we note that since Eq. (2.1.4) cannot be

readily inverted, the integration must be performed in local coordinates.

. aui aaj ani Efi ami EEE e e e
Ky ij= [e(ax 5 + 5y By + 5 Bz)dx dy d=z (2.1.6)

Y
i, i =1 to 20

- 24 =



writing

. . 1 (1 (1
J ax® dy® dz° = I J J |3| dg dn dz
e

v -1 -1 -1
and
3 d
ax 13
d d
3 9
3z 3z,
~ N /
where |J| is the determinant and [J]-l the inverse of the Jacobian matrix
() - ~
2 ax 3y 3z
12 3 on 9%
S o (= 3y 22
2 ax 8y 2
aL, LBC on 3L

Substituting from Eq. (2.1.3)

T

(3] = ﬁi’w T xe)”

L Iy

which can be evaluated in terms of £, N, C and [Xe] gince Ni is explicit
in £, n, £ as given in Eq. (2.1.4). Since the integrand in Eq. (2.1.6) is
in general a function of the nodal coordinates of the clement, numerical

quadrature is necessary in the integration.

- 25 =



2.2 The Surface Integral 12

L[ oulge
1 I(gtb)dF
F

Substituting from Eq. (2.1.1.b), we obtain

-1 w2, | e Ty, €112 4nf
.22 L (- | (N} {¢"H* ar
2 2 ecF 8 J e
F
- 2 _ _
-1y T - [ )T ar®1 4%
etF g
FE.
1 “eqT e e
== 3 {1 K-}o™)
2 ecF KF
= 2 (0} 1K, 140} (2.2.1)

where {N%}, {$}are the subvectors of {N®}, {41 containing entries corres-

ponding only to the nodes on the free surface, i.e., ¢i € FC.

For simplicity, we require elements on F to have exactly one face

on F, and (N%}, (3%} are 8 x 1 so that

[KE] = (- %;—2-) [ J {Ne}{ue}T dF°) 8 x 8
Fe
and
e wz e,.e e PR
Kq ij = —?f NiNj dF {, j=1lto8 (2.2.2)
Fe
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Again assemblage is implied in the last equality of Eq. (2.2.1) where only

¢, € F are involved. Necte also that as in Il, [K;] and [KF] are real and

i
symmetric, and since'{¢e}(: {¢e], [KF] always has a bandwidth less than
or equal to that of [KV].

To evaluate I2 and in particular K; 7L we perform the integration
in local coordinates

1 1

e _.u (NoNS [3_]),._, dE d (2.2.3)
51577 % iy gl pay €540 -4
-1 -1

where the Jacobian is given by

- 13 3yy2yp@X 3y dx 3x , 9y B
9,17 = 16" + GRAUGD* + 6D - Gisp + 5t a5)”  @.2.4)

which is readily evaluated in terms of local coordinates and[xé]by using
Egs. (2.1.5).

The resulting integral is again evaluated by quadrature.
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2.3 Integrals on S*—IB to I5

For computation the series (2.1.b) and (2.3) are truncated as

follows:
. N
iga cosh ko(z + h) 0 n
¢I = - “oeh K R § € i Jn(kor) cos n{(8 - BI) (2.3.1)
o n=0
and
M N
- m (1)
' = £ I (o cos n8 + 8 sin nf) cosh k (z + h) H (k )
S -0 n=0 nn nn iy n m

{(2.3.2)
where Ni’ i=0,1, ..., M,and M are chosen depending on wave period and

geometry.

2.3.1 Integral 13

I =J 1ol oo as

3 s 31’
s
0 2
=1
=3 J dz [ do .
-h 0
M N
{( & im (ol c 6 + B in nf) hk (z + h)H(l)(k r.))
os n o S n cosh k_(z N TS
m=0 n=0
M N
. (1),
(L I (o cosnb+ an gin n8)cosh km(z + h)Hn (kmrs)km)
m=0 n=0
_ s }; }; zm " ( v g 8 oD a e n @ )
T2 %on %nn in n £°'8'n m S
2=0 m=0 n=0 ™m
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0
J cosh kg(z + h)cosh km(z + h) d=z

-h
Tq M Nm 2ﬂkm ) ) (1) : (1) sinh'kah b
L — ' —_—e —_
3 Lol o (B AT T e r ) (7 + 3
m=0 n=0 n m
If we define a coefficient vector
Wt = {a o B o B vee e 5 O 8
00 T01* Tol1* o2’ To2? e ONO’ ONO’
%or %10 Brpe Fge Brgs e oo aml, Bml'
T
G y O b 8 » & 3 B ) L ALY b y B }
MO® M1 M1 M2 M2 MNM MNM
1 % NT {say) (2.3.1.1)

noting that all the terms associated with BiO’ i =0 to M are zero and so
BiO are excluded, then we can write
~ 1 T
I, =35 {ut {KD}{U} (2.3.1.2)
. ; .
where [KD] NT NT is diagonal and

Tr

_ 8 (1) (1), ; P
KDi = EE; Hn (kmrS)Hn (kmrs) (sinh kah + kah) i=1rto NT

where the i-th element of {p} is amn or an. Clearly by our notation

in Eq. (2.3), KD are complex for % € ZNO - 1, and real otherwise.
L
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2.3.2 Integral I:

by
I

- 9 4
- J ¢‘§;'¢S ds
s

M N
m

- I [ {NE}T{¢E} Y I (@ cosnd + 8 sinnb)cosh k (z + h)
e£sS m=0 n=0 o mn n

1]

SE’.
g r )k as®
n mS m
where we have substituted from Egs. (2.1.1.b) and (2.3.2) and {Ne}, {¢e}

are subvectors of (8%}, {¢%)} where only entries corresponding to ¢i £ S

are included.

Again in this formulation, we require, for simplicity, elements on 8

~

to have exactly 1 face on S and {Ne}, {¢e} are vectors of dimension 8.

We now write, using the definition (2.3.1.1)

1 = I {u}T[Kg1T{$e}

2el

here [KE] is defined as the 8 X NT matrix with

cos nb

e
sin nB) ds

e _ e (1)1
KC ij = J Ni cosh km(z + h)Hn (kmrs)km(
&

o

where the j—th element of {u} is (émn)’ and a choice of cos nb or sin nd
wn

is indicated depending on j, since {p} is defined to include both a's and

R's.

To perform the integration in local coordinates, we write
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e _ AE (l)l
%} i = [ [ (Ni cosh km(z + h)Hn (kmrs) k,m
-1 -1
cos n(cos_lcz—})
8 1oy, dt ag
sin n(sin_l(%")) Sin=1
s
where
3512 = 1D + &D? + ED2ED? + D + EH7)
_B_za_x —%*gx ﬁg—%z]z (2.3.2.0)

Substituting for x, y, z from Eq. (2.1.5), the integral can be evaluated

directly by numerical integration.

The element matrices are then assembled to give

=t
1]

VTR CY

£ 01" er + 3 037k 1) (2.3.2.1)

where again only ¢i € 5 are involved, and the latter manipulation is
necessary to give rise to a symmetrie global matrix, as will be shown
later. PFor a total of NS nodes on S, the global assembled matrix [Kt]
is N_ X NT. It is easily observed that [KC] is in general full and

5

complex.
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2.3.3 Integral 15

- 9 4t
Is = J d)I or ¢s ds
S

0 2w N

iga cosh ko(z + h}) “o "
I dz J Tg dd (- m ) coah_koh (E e i Jn(kors)cos n(d - BID

n?

_h 0 n=0

M N
m

. (1),
(mEO nio(amn cos nb + an sin nb)cosh km(z + h)Hn (kmrs)km)

igaD 0 2m cosh ko(z + h) No n
_ﬂarors J dz J do “onh koh iﬁosn i Jn(kors)(cos nf cos nSI

I

(-
—h 0

+ sin nf sin nBI)Jc

M N
m

. (1),
-(mzO nio(umn cos nf + an sin n@)cosh km(z + h)Hn (kmrs)km)

2 N
Qo

iga
= —_ 0 ln - e e N
{ - )rS J (nioan i Jn(kors)(c05 nf cos nBI + sin nd sin n I))
0

N
o

. (1), .
-(nzo(aon cos nb + Bon sin nf)cosh ko(z + h)Hn (kbrs))

(sinh 2k h + 2k _h)
Q 2

4 cosh k h
o
iga No
_ Q n (1)1 .
= (- - ) xg nfo(aon cos nGI + Bon sin nBI)i Jn(korS)Hn (kors)ﬂ

(sinh Zkoh + ZkOh)
2 cosh k h
o

- 32 -



iga0 NO
)y rs)nio(aon cos nBI + Bon sin nBI).

= (-

W

st (l)r
13 (k xo)B 7k 1)
2 cogh koh

(sinh 2k h + 2k h)
o o

where the orthogonality properties in z and & are invoked. Now we write

Lo = - {QC}T{u} ; (2.3.3.1)

here {Q } is defined as the (2N =~ 1) by 1 vector with
0

sinh 2k h + 2k h
o (5]

iga
= — 0 -— n ' -
QCi ( W ) (- rS)(i Jn(korS)Hn(korS) 2 cosh kch )
cas nBI
. (sin 06 ) (2.3.3.2)
I

where the i-th element of {u} is (Bon).
on

2.3.4 Integral 16

_ dJ
15‘"J¢§?¢1
s

Substituting ¢I from Eq. (2.1.a),

-~ S iga ik. rS cog (e - e )
T, =-% N 1 Y- —2) 1k cos(6 - 8 )e ° .
6 e e W o I
eES
e
b
cosh ko(z + h) 45
cosh koh
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__z {Qg}T{$e}

e£s (2.3.4.1)
where we have defined the 8 X 1 vector {Qs} so that
{ ~ iga ik r cos(® - 6)
e _ e . Q.. - <3 ] I
QP. J Ni { w )1k0 cos (9 BI)e .
i o
cosh k {(z + h)
o) as®
cosh k h
o
iga
- w o)iko Pt e X Yy
" Teosh kb f f (; G cos &y 5 sin 8y
© -1 -1 S 5
iko(x cos GI + y sin BI)
e cosh k_(z + h) {5l , 48 4T (2.3.4.2)

which after expressing x, y, z in terms of local coordinates can be

integrated numerically. Assembling {Q;}'s for all e € 5, we obtain
1, 5 - {Q,} {¢} (2.3.4.3)
6 P - . -

where now {QP} is an N X 1 complex vector.
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2.4 Quadrature

Three different Gauss-Legendre quadrature formulas (Kopal, 1955;
Abramowitz and Stegun, 1964) are used in the evaluation of the integrals
10 Ips I4 and 16:

(1) for Il a 2] point formula is used for the cubic volume:

I., I

L4 4
T £(E, M, §)dE dn dg
~£ -4 =%
-1 - 6
360 [~ 496 fm + 128 E fr +8Z ff +512 fv] + 0(4%) (2.4.1)

where fm = £(0, 0, O)

L fr = sum of values of f at the 6 points midway from the center to

the 6 faces.

L ff = sum of values of £ at the 6 centers of the faces.

z fv = gsum of values of f at the 8 vertices.

(2) for 12 and 16’ the evaluation over the square surface is approximated

at 9 integration points:

3 3
= 2.4.2

I I £(£, ndé dn 151 ‘Elwivj f(Ei,nj) (2.4.2)

-1 =1 ]

where

i gi’ Tli Wi

2 0 . 8888889
1,3 + 0.7745967 .5555556
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(3) for I,, we note the presence of rapidly varying functions sin né and

cos n6 in the Integrand and adopted a more accurate 16 point formula

for the square surface area:

1 1 4 4
- 2.4.3)
J f FEmasdn =T L £(E, N)) ¢
-1 -1
where
1 RN ¥y
1,4 +,3478548 . 7745947
2,3 +.6521452 1.3399810
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2.5 Summary and the Total Global Matrix

Summarizing and treating {M} as unknown also, the functional (2.0)

becomes

JC8Y, ) = 5 (6)7IK 1{0)

+

o | =

| {¢}T[KF]{¢}

'{u}T[Knl{u}

+
|

W R + 5 01T 1)

N |

+
- (o} u}
- g} e}

For J to be stationary, we require

3J

—“__=O i=l’ .il,N

8¢i v
and

aJ _

B_]JI-O i=1, ,NT

which gives
IKV]{¢} + [KF]{q:} + [KC] {u} = {Qp}

and

[KD]{;J} + [KC]T{qb} = {QC}
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(4)

(5)

(6) (2.5.1)

{(2.5.2.a,b)

(2.5.3.a)

(2.5.3.b)



If we define

Wit = e, Wil 1% (N + Np) (2.5.4.2)

and assign the last positions of {¢} to all dJi for nodes on 3, i.e.

' - [{¢il¢i¢s}T, {¢il¢ies}T, it (2.5.4.1)
then Egs. (2.4.3.a,b) combine to give a system of linear equations

(x]{y} = {Q}
where

@ = 1e,lt, 1ot 1% Qi + N (2.5.5)

and the total global matrix [K], (NV + NT) X (NV + NT) has the following

structure: Ff Ny e NT__—)I

T [-- - - - - - ~o
- —_ — - - — - _— \"*- 0
- — - _ — _ - . - _\\\ 0
N, [T T BT - e T~
[k} = R a —| ¥
° SR et RS B
3 > . +
N 0 [K ]T— ) [Kp! °
T _ c _ 0 -
R -
fe— Ng—> (2.5.6)

We note that [Kv] + [KF} is real symmetric and banded and [KD] is diagonal
and complex while [KC} is full and complex; they are positioned as shownin
\2.5. 6). [K] is consequently complex and symmetric which is partly a

result of the rearrangement in Eq. (2.3.2.1).

Having obtained [K], {¥} can then be solved by inversion, or formally

) = K1 (2.5.7)
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and the nodal potentials im V as well as the coefficients of the expansion
in V' are solved. TFor efficiency the total global matrix is condensed to
eliminate the unknowns {u}, which can be recovered by substitution after
{$} is solved.

From Eq. (2.5.3.b)

-1 T
{p} = (K] ({QC} - k.1 o1 (2.5.8)

which when substituted into Eq. (2.5.3.a) gives

(1] + [Kp) = (K ITIR)YTIRCD {8) = €0} - (R} K 17 Q)

or
(k'] {¢} = {Q"} (2.5.9.2a,b)
where
(K'] = [K,] + K] = (KK 1K,
and

{Q'}

I

-1
{op} - k.1 [ky17 {q )

Clearly, [K'] iIs still symmetric and banded, and complex, and only the
symmetric half band of [K'] is stored.

A direct method (Gauss elimination) is used for solution.
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3. NUMERICAL EXAMPLES

Three~dimensional diffraction by four ditfferent geometries aretreat-
ed and presented in the following sections.For the first case, the analytic
solution is known, while for the secoend, accurate numerical results are

available by other techniques. They are therefore useful for testing the

present method. The last two examples have no other known solutions, and
are chosen to illustrate the versatility and efficiency of our methed,

while for simplicity of grid generation, they are still chosen to have

relatively elementary geometries.

All the [inite clement grid systems arce generated by computer with

automalically minimized bandwidths.

T2 TN
\\\HHH“““ﬁ—-__

I

h=a
 J
ST 777 {((Z_77777777
-7 7 <
Figure 3.1 Wave incident on a bottom-seated circular cylinder of radius
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3.1 Vertical Circular Cylinder in Constant Water Depth (Fig. 3.1)

The cylinder has radius a and is centered along the z-axis. The water
depth is everywhere constant h. For the case of h = a, we use a finite
element grid consisting of 36 elements-—two layers of 18 elements each
stacked vertically forming a ring surrounding the cylinder. (See Fig. 3.2).
There are a total of 342 nodes, and the average element dimension, Le‘ is
aboult .48a. The incidence angle is taken as BI = .

In the analytical theory for this two-dimensional gevmetry, only the
cocfficients corresponding to the first eigenvalue kD are involved and all
other coefficients vanish. For generality and for an indication of the
accuracy, however, 5 eigenvalues are chosen (M = 4; NO = 123 N1 = N2 = N3
= N4 = 10), which corresponds to a total of 99 terms in the exterior analy—
tic representation(Eq.(2.3.2)).The following quantities are presented:

(1) coefficients of the series solution in the far field: mmn’ an;

(2) normalized free surface elevation on the cyliuder (r = a): n/au
where n(a,0) = -ﬂg‘*—’ #{(a,0,0); and,

(3) horizontal force coefficient.

We define dimensionless force and moment coefficients by

C F,
F, =t \
i pgT ala,
and ? i=x, v, 2 (3.1.1.a,b)
C = __jl_ —
i pef a?Ha, Y,
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Figure 3.2 Finite Element Structure for a Uniform Cylinder
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36 elements, 342 nodal points.
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where H, a are the typical draft and horizontal dimension of the body

respectively. Fi refers to the force component in the 1 direction, and Mi

the moment component about the i-axis, 1I.e.
T =i > —i
f = Re| {Fi} o 1mt] , M= Re| {Mi}T o lwt]

For example, in this case, we have

F 0 27
C _ X _ “‘_:—l— @
FX Pgm ahag - Th [ iga, cos B dB dz {(3.1.2)
-h O (- "Ef"q

which is evaluated by numerical integration of the solution {¢}.

Comparisons are made to known analytic results (see, for example,

MacCamy and Fuchs, 1952):

1
) n Jn(koa) 1 (cos no ) for m .
_ 0 - - . fto =
a n Hil) (koa) cosh koh sin nBI
= (3.1.3)
an 0 form # Q
- J'(k _a)
éL =7 € i? cos n(H - UI) [Jn(kor) —-"%f;%-am—v H(l) (k t)]
o n=0 ) H (k a) ©
n o
(3.1.4)
and
c 4 cos 81 tanh koh
Fx = ; S (3.1.5)
Tk “ ah H (k a)
0 I (o]
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For BI = 7, the comparison for & range of wavelengths koa for CF and
x

éL are presented in Table 3.1. 7Tt is evident that the results are quite

)
., I < °° . r\J 4' . ] -_) 4
satisfactory(<1%) for up to koa This implies a maximum (koLe)max of

about 1.9, (X v 3.3 Le)' In Table 3.2, a sample of the coefficients

min
calculated for the casc koa = 1 is listed for comparison. Note that their
contribution to ¢é decreases rapidly (though the magnitude of the coeffi~
cients themselves are not necessarily small) due to the magnitude of the

Bessel functions.

See also Section 4.2 for summary of present and other results.

3.2 _Qiqggiqgncilindgigﬁl Platform in Constant Water Depth

We consider a fixed dock in the form of a circular cylinder with its
axis vertical. The radius of the cylinder is designated by a and the
draft by H. 'The water depth b  is constant. Specifically we have chosen
H= .5 and h = .75%a (see Fig. 3.3).

The finite element grid system now has a total of 56 elements (two
rings of 16 elements each stacked vertically outside the dock and 24 under
it) and 435 nodes (see I'ig. 3.4). Note in particular the use of the hexa-
hedral elements in the center COTE€, and the choice of greater node density
near sharp edges.The average element dimension for this example is Le ~.36a.

Again, 5 eigenvalues and a total of 99 terms (M = 4; No =12, N1 = N2 = N3

= N, = 10) are used in the outer series solution (Eq. (2.3.2)), and we choose

¢I = 71. The vertical and horizontal force coefficients are now respectively
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Figure 3.3 Wave incident on a floating cylindrical dock of radius

a (SI =73 h = .,75 a)
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. . . od —7=-75q
(/a=0 25 5 8 1513

=

— e e —— — — — ——— ——
_—

o Y
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F a ¢2n
C. _ .z _ 1 9
I"z - pgﬁaHaO TH [ [ ( 1gao ) df dr (3.2.1)
0 0 -—2
w
and

F 0 2w

F, = paratia r [ [ ( iga ) cos 8 d6 dz (3.2.2)

o “H o o 0 .

A table of these coefficients for a range of koa and their plot in
comparison to those obtained by Garrett, 1971, is presented in Table 3.3
and Fig. 3.5.a,b. The results are clearly satisfactory and discrepancies
are imperceptible on the graphs for the entire range we considered. A

complete 1ist of nodal potential and series coefficient solutions for kDa =

is also given as a part of the sample computer output in Section 5.2.4.4.
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o)

F
b z
koa MAGNITUDE PHASE MAGNITUDE PHASE
.5 . 75528 1.66158 1.58020 - L17740
1 1.06098 1.76166 1.10559 - .32303
2 .75928 1.37349 L4847 ~-1.39937
4 . 35205 - .37081 10316 -3.36901
6 .21295 -2,40384 .03283 -5.40133
Table 3.3 Computed horizontal and vertical force coefficients

for a semi~immersed circular cylinder

h

= .75,

H_ 5
a
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Figure 3.5 (a) Horizontal force coefficient for a semi~immersed cylinder
h _ .

(a = .75;

+, amplitude; X, phase: finite element solutien

, amplitude; -—- phase: Garrett, 1971 results
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3.3 Rectangular Barge in Constant Depth

We now consider diffraction by a fixed cemi-immersed (draft H) rectan-
gular box in censtant water depth h. Unlike the previous two examples, this
problem must be treated 2s a fully three-dimensional one. We choose a
special case of a square barge, length 2a, H = .5a and h = a, and consider
two different incidence angles eI = T and 5w/4.

The finite element grid employed is similar to the one we use for the
circular dock and has 56 elements and 435 nodes. The previous cheice of
the number of series terms is still kepr.

The force and moment coefficients for both angles of incidence over a
range of wave number koa are plotted in Figs. 3.6.a,b,c and Figs. 3.7.a,b,c.
In general, for a given grid, the finite element approximation Lecomes
more accurate as the wevelength relative to it increases (koa decreases) .

On account of the comparisons in the last section for a cylindrical dock
where a similar grid system is used, we expect the present results to be
reasonably reliable at least for koa up to v 6, and certainly far beyond the
regions of peak values around koa = 1.

In Figs. 3.8.a,b,c,d and Figs. 3.9.a,b,c,d, the run-up, n/ao, on the
sides of this square barge for koa = 1,2,3,4 and both incidence angles are
presented. Note that this local value becomes quite highly varying ss the
wavelength decreases to about the body length (koa = 4), and the interpola-
tion between the nodal values in those instanceg are gsomewhat unreliable.
Furthermore, due tc the finite element smoothing, both the value of |n/aol
(which is proportional to the potential) and its derivative are finite at

the sharp edges, while according to two-dimensional potential flow arcund



1/3

a 90° wedge, the gradient of the potential exhibits a r type singularity.
This local discrepency can in principle be corrected (see Chen and Mei, 1974)
by construvcting special analytic elements similar to S around all sharp
edges and corners. Such a procedure is however, urnecessary if one is only
interested in averaged (global) results such as forces and moments, or in
local values in the major region not close to singularities. This is
evidenced by compariscns for the circular dock where a bottom sharp edge is
zlsc present.

For a measure of the angular intensity cf scattered wsve energy, we

define the differential scattering cress-section [A(B)[Z, where A(8) is the

angular variation of the far~field scattered wave, i.e.

-iga 5 ikor
¢ ° /_2 e in/4 cosh k_{z+h) A(0) (k_r>>1) (3.3.1)
8 W m © YR T ©
0

and if we substitute in this asymptotic form of ¢S into Eq. (1.3.4), we

have

iga

A(8) =n£b(—i)n (ann cos nf + Bon gsin n8) [/ ( - " LA (3.3.2)

The differential scattering cross-section, |A(8)|2, as a functlon ¢f 6 for
koa = 1,2,3,4 and the two inciderce angles are given in Figs. 3.10.a,b,c,d
and Figs. 3.1l.a,b,c,d; ard in polar coordinates in Figs. 3.12.a,b,c,d.{i),

d.(ii) and in Figs. 3.13.a,b,c,d for a better physical picture.
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Figure 3.12(a) Polar Plot of Differential Scattering Cross—-section,
‘A(8)2|, for a Square Barge., Normal Incidence: BI = T,

a. ka=1
o
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\ koa= 2

Figure 3.12(b) Polar Plot of Differential Scattering Cross-section,
|A(8)?|, for a Square Barge. Normal Incidence: BI = T.
b. ka=2
o
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Figure 3.12(c) Polar Flot of Differential Scattering Cross-cection,
|A(8)%]. for a Square Barge. Normal Incidence: GI = T.

c. ka=23
o
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Figure 3.12(d).(i) Polar Plot of Differential Scattering Cross-section,
|A(B)2|, for a Square Barge. Normal Incidence: GI = .
d.i ka=4¢4
o
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Figure 3.12(d).(ii) Polar Plot of Differential Scattering Cross-sectionm,
[A(B)ZI, for a Square Barge. Normal Incidence: BI = .
d.ii ka~=4
o
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Figure 3.13(a) Polar Plot of Differential Scattering Cross-section,
|A(8) {%, for a Square Barge. Oblique Incidence: GI = 5m/4.
a. ka=1
o
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Figure 2.13(b) Polar Flot of Differential Scattering Cross-section,

|A(B)[2, for a Square Barge. Oblique Incidence: BI = 57/4.
b. ka=12
)
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Figure 3.13(c) Pclar Plot of Differential Scettering Cross-section,

A(8)}2, for a Square Barge. Oblique Inciden-e: 6_ = Sn/4.
q I

c. ka=23
o
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Figure 3.13(d) Pclar Plot of Differential Scattering Cross—section,
|A(8) %, for a Square Barge. Oblique Incidence: 6y = st/4.

d. ka =24
o)
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The scattering of a plare wave by an island has beer. of theoretical
and practicsl interest in recent years. Longuet-Higgins, 1967 showed the
existence of trapped waves arcund circular islands, while Vastano and Reid,
1966, 1967, Lautenbacher, 1970, Swith and Sprinks, 1975 and Jonsscn,
Skovgaard, Kjaer (1975) studied the tsunami run-up ow various islands cf
somewhat specialized geometries. All eristing treatments require either
an assunption allowing linear shallow water (long wave) theery which ignores
vertical variations, or that the ocean bottom is slowly varying (mild slope
theory). It is of interest to pcint out that owing to both bottom refrac-—
tion and possibie resonance of the trapped modes, the maximum run-up on an
island can often be very large.

In this last example, we ccnsider the diffractionm by ar island that
extends from the free suyrface in the form of a vertical elliptic cylinder
up to a depth H, then slopes out "ccnically” to form a circular toe on an
occan bottom of constant depth h. The geometry and finite element grid
(36 elements—two rings of 18 each, and 242 nodes) are shown in Fig. 3.14.
For an upper elliptic cylinder of mcjor and minor axes A, B anc length

"

(stbmergence) H, (i.e. from z = 0 to - H), the lower "conical" portion is

gencrated bty the parameters A and B:

[ 24+ (1 - X)R] cos ©

w
1l

(3.4.1.a,b,c)
[ B+ (1 - MDR] sin 8

-
I

and

z 4+ h =i - H)
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where R is the radius of the circular toe 2t the sea bottom (z = - h). Cut
planes normal to the z-axis (- h < z < - H) yield elliptic cut sections

given by

XZ 2

y _
o-r) 22 YD +riz 0L (3.4.2)

with eccentricity, e, varying from /1_(55} to 0 as A veries from 1
A

(z=-H) to 0 (z=-nh):
. A AB)
e = W E-OR (3.4.3)
As o particular erample, we chocse A = a, B = .5a, H = .52, h = a and

R = 1.5a (as in Fig. 3.14). The "coniczl" beach now varies from a width of
a with a 1 on 2 slope at 8 = 7/2, 31/2 to a 1 on 1 beach of width (.5a at
g = 0,7". Three incidert wave-numbers (koa =1,2,3) at two engles cf
incidence (BI = 7 ard 3n/2) are considered.

The rin-up, n/ao, on the island (z = ¢, x = A ccsf, y = B ¢in £) are
plotted versus azimuth (6) in Figs. 3.15.a,b,c and Figs. 3.16.a,b,c.

Dre to the rather short and cteep beach, the run~up dces rot exceed 2 for
6; = mor v 2.5 for 01 = 3n/2.

Again, plots of |A(8)|? as a function of & are given in Figs.
3.17.a,b,c ané Figs. 3.18.a,b,c, and in polar coordinates in Figs. 3.19.a,b,c
and Figs. 3.20,a,b,c.

Uuforturately, our presert geometry does nct resemble sufficiently
any of those studied by other investigators to justify quantitative

comparisons.
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I

Figure 3.14 Geometry and Finite-element Structure for an Elliptical
Island with a Circular Base. (Major and Minor axes: A = a, B = ,5a;
"draft" of elliptic eylinder: H = .5a, radius of circular toe:

R = 1.5a; water depth: h = a.
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Polar Plot of Differential Scattering Cross-sectlon,
Wave

Figure 3.19(a)
|A(8)|2, for an Elliptic Tsland with a Circular Base.

Incident from x v + «. (81 = T).
a. ka=1
)
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Figure 3.19(b) Polar Plot of Differential Scattering Cross—section,
|A(8)!2 , for an Elliptic Island with a Circular Base. Wave

Incident from x v + w, (6_ = ),
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i.0 1.5 20

Polar Plot of Differential $cattering Cross-section,

Figure 3.19(c¢)
Wave Incident

|A(8) |2, for an Elliptic Island with 2 Circular Base.

from x Vv + ¢, (GI = M.
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Figure 3.20(a) Polar Plot of Differential Scattering Cross—section,
|A(8)l2, for an Elliptic TIsland with a Circular Base. Wave Incident
from y v + o, (BI = 3n/2).
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Figure 3.20(b) Polar Piot of Differential Scattering Cross-section,
|A(8)|2, for an Flliptic Island with a Circular Base. Wave Incident
fromy ™ + o, (GI = 3/2).

b. ka=2
c
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Figure 2.20(c) Polar Plot of Differenmtial Scattering Cross-section,
|A(8) |2, for an Elliptic Island with & Circular Base. Wave Incident
from y v + o, (81 = 3m/2).

c. koa =3
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b, FRROR ESTIMATES AND CONVERGENCE TESTS

4.1 The Optical Theorem

while a number of general relationships governing the scattering and
radiation of ocean structures (Haskind, 19573 Wehausen, 1971; Newman, 1976)
are available, there is just one relationship that relates the far~field
scattered wave only. It is a statement of global conservation of wave
energy and 1s well known in quantum physics as the Optical Theorem. For

scattering of a plane wave by a two-dimensional body, it is the familiar

IR|Z + |Tj? =1 (4.1.1)

where R and T are respectively the reflection and transmission coefficients.

For three-dimensional scattering, it can be stated as

27
1 2 0 m T :
- A1 a0 = Z55h Kb Re [ACO) ] (4.1.2)

where h is the constant depth at ipfinity and A(O) is the angular variattioon

of the far-field scattered wave, as given in Eqs. (3.3.1) and (3.3.2).
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The integral on the left-hend-side is prcportiomal to what is commonly
kriowr as the total scattering'cross-sectior in physics, while the expression
on the right of the equality is 3 measure of the wave energy in the forward
direction, i.e. the direction of the incident wave. There are several
slightly different procfs cf Eq. (4.1.2) all based ou Green's theorem, a
rather direct ome using the method of statiorary phase is given in Appendix

A,

We define a normalized error measure based on this theorem:

g o | LeH.S. - RHS. (4.1.3)
oPT L.H.S.

where L.H.S. and F.H.S. refer to the left and right-hand side respectively
of Eq. (4.1.2).

For all our numericel eramples, EOPT ranged from " 10-'6 tc v 107
deperding on wave-rumber, finite element grid fincness and number of series
terms used in the znalytic evpression in the exterior. As an example,

in Fig. 4.1, we plot E over a range of koa for the particular case of

OPT

the square dock in Secticn 3.3 under obliquely incident waves (BI = 5m/&4).

While E is useful as a global error estimate, its expression involves

OPT
only the propagating modes directly, and it is possible for ome to make
some small error in zn evanescent mode without causing an equal discrepancy

in E Hence, it is also necessary and useful to study some local

OpT”
quantities such as integrated forces on a body or a local pressure to

estimate the actral error.

4,2 Convergence of the Finite Element Approximation

Once a gecmetry is given, an appropriate choice of finite element grid

size and number of series terms must be made. In general, elements should
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Figure 4.1 Relative Error in Optical Theorem for the Square Dock under

Obliquely Incident Waves (81 = 5m/4).
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be chosen with aspect ratio of order unity for optimal accuracy and conver-
gence. The local grid size should be selected according to the length scale
of flow variation which in turn is dependent on the length of the incident
wave, local body dimensions and depth. To establish some useful criteria

on the maximum element size allowed, we take the special case of the uniform
vertical cylinder in Section 3.1 (radius a, depth a), where exact analytic
solution is available for comparison. Convergence tests are performed, first
by fixing the grid system (36 elements - 2 x 18, 342 nodes as shown in

Fig. 3.2: average element dimension “.48a) and varying the incident wave-
number, and then by using a range of grid structures for a fixed wave-
number (kma = 1). Five vertical eigenvalues (M=4) and a total of 99 series
terms (No = 12, N} = NZ = N3 = N¢ = 10} are used for all the test cases.

Figure 4.2 presents a plot of ElFf for a range of wave number where
we define
F
X

_’_]i{.,aﬂalytic - |FEM

E, .
|b‘ |Fx‘analyLic

For a local measure, we define Elnl by
0

- In‘FEI‘-‘I

E | = .‘_n_léi_l_w lytic
n 0 T

fl analytic
at (r = a, @)

A plot of E s for 0 =0, /2 and 7, versus k a is given in Fig. 4.3,
Ini, o &

The error in the integrated quantity E|F| is less than 1%
for koa up to w6, while the same requirement for a loecal quantity EIWI
8

would be satisfied only for koa < 4. This implies a maximum average element
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Figure 4.2 Relative Error in the Magnitude of the Horizontal

Force on a Uniform Cylinder.
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Tom | |
0 2 4 6

kod

Figure 4.3 Relative Error in the Magnitude of the Run-up on a

Uniform Cylinder at: + : 8 =0; X: 0 = 7/2; o1 0 = 7. (81 = T).
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dimension Le : koLe v 2.9 (lmin no2.2 Le) for an integrated quantity
max max

such as forces and k L 1.9 (A, "~ 3.3L) for a local quantity such
o'e . min e

as pressure or wave height.

In Table 4.1, we tabulate the recults for a given koa = 1 for several
different grid systems (note that p x q means a finite element structure of
p vertical layers of elements and q radial elements per layer). Here we

define relative error in the total scattering cross-section by

2m ) 2m .
l ( { LA(G)' do )analytic - ( J |A(8)| do )FEM I
E, = © 2
S
m 2
( J |A(8)| de)analytic

C

The results are cuite satisfactory even when the number of radial elements
are reduced by about half (2 x 10), but a few percent error is introduced
when only 1 layer of elements is used (1 x 18). This is somewhat surprising
since the average element dimension in the radial direction is about .Ba for
{2 x 10) grid which is not much smaller than a vertical dimension of a for
the (1 x 18) grid. The implication is that the verticel length scale of the
velocity is smzller or at best equal to the horizontal scale for this case

(koa = 1) even though for the present gecmetry, only the first vertical
cosh ko(z + h)
cosh k h

0

The importance of

mode is present ¢(x, v, z) = ¢(x, y, O)
using a sufficient nunber of elewents in the vertical dimension should not

be overlooked for a general problem.

- 112 -



THAES SIUDWATA ITUL b Jo A{{Eariian payow

113 -

fsBursi d ~—- L % d :sainisnlas PT43 3USWATS 231UT4 Ju 438110A B Rursn ‘o = H: ‘1= mou_ PABPULTAD WIOGIUD B Ag UOTIOEAT)TR 0] NI[MEAI Jo unsTirdues
T = =21ar)
T 1 _ T 1
mlm: LA EadN: N % 90879 | Tcﬁ XH6L1T £99%EG° ~|E ¥ DB9S, EwtwO' N..m: L LTAF A VR ; Nrcﬂ *ORLETL | G0E96 " (52pou g17) |1 % [ i
_— ! ———— e — |J-! e —— e B — —
quoH X vh0 L 9i8602° X fgetg mng ¥ o071 Y9Z68Y- qlo.ﬁ X 6h6"8  BIGOT'1 w01 ¥ TOU L | Roy0st |, L o {s2puu ge1) a1 v ¢
m|oH * o9%0e BOOATE LA FAS ] qroﬁ X 166 TEO6EH” _ mlﬁ: x omm.q” €T901° 1 qch L7 O A1 P 9670 | DEXR0 L ! (=apou 9g7) 41 x 7 |
t . 4o o } [
.u..o.m £ I8E°1 950012 Tloa ¥ 608" € q:n:. * 6L0°8 | J06HER" " a:cH X Lbg" 7! 650017 ‘.u.icﬂ ¥ BRETC| BSL0L T W OT 2 8807°€ [ 6795071 (sapou zeg} g1 < ¢
| . - | ! . : : —
] . b T LT o —anT . . e
0 Lo o SR ) Ly o weocny oo o o
0.
! 5 uz | ¢ ¥ i
i 1 |4 | = Lo u ) . i
. _aﬁn_ﬁmuf:m— 1 q ' _m 4= g _ =8 0 =i _u.m 4 Qled) LNTWATI JLINTA m
L
". N
‘ | - - S S




4.3 Convergence cf Series Terms in the Analytic Representation

For numerical computations, it is necessary to truncate the doubly
infinite series in Eq. (1.3.4) to the finite sum in Eq. (2.3.2). Unlike
many other "hybrid" finite element methods, the present formulation reduces
matching conditions to natural boundary conditions and an arbitrary number
of vertical eigenfunctions (M) as well as the angular eigenfunctions (Nm)
for each verticzl mode is permitted. The number of such terms that is
required for a given accuracy depends on the incident wavelength, the body
and bottom geometry and depth, and more particularly on the size of the
artificial boundary § and the finite element grid structure inside S. To
provide some guidelines or the number of series terms that is necessary for
a given problem, we solve the particular example of the square barge in
Section 3.3 (length 2a, draft .5a, depth a) under a normally incident
(9I = ) wave of unit wavenumber (koa = 1) for several sets of series terms,
We start from the originzl choice (M = 4, NO - 12, N, = N2 = N3 =N, = 10,
total 99 terms) and reduce, first M, keeping Ni fixed, then reduce Ni keeping

M fixed. The results cf a set of such convergence tests are presented in

Table 4.2. Note that

(), - )
AC) = | —2rrn P
(o
and
5C) = [y - O]

where ( )D refers to a quantity computed with the original choice of number

of series terms and ( )p refers to that computed with the present set.
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While the present results are not unrelated to the incident wave, the
particular geometry and element grid, they do indicate that the original
set using 99 series terms is extremely ccnservative with error in both local
anc¢ integrated quantities less than ™ 10 °. It is quite amazing to ncte for
example that the solution converged to within much less than 1% even when
only a total of 12 terns (M =1, No = 4, Nl = 3) are used.

This confirms the earlier observatior that it is almost always
numerically advartageous to use a smaller S, and hence reduce the number
of finite element nodes, even at the cost of having to include more
urkncwns in the exterior series representation, since the total number of
series terms required is much smaller than the semi-bandwidth of the finite
element grid for most problems.

It should be noted that a complete study of convergence of the series
terms would require a systematic set of tests similar to the one performed,
for a range of incident wave lengths, depths and body dimensions (or
geometry), as well as the size of § and of the finite elements. While
such extensive tests are beyond the scope of this work, this and especially
the last section on convergence of the finite elements should already
provide the bssic guidelines to the choice of pumber of series terms, and

the element size to use for a given problem.
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5. COMPUTATTONAL ASPECTS AND THE PROGRAM USAGE

5.1 Program Implementation, Space and Time Requirements

The program is implemented on an IBM 370/168 computer running in an
OS/MVT environment at the M.I.T. Information Processing Center (IPC).

The program is written in IBM FORTRAN Gl language (extensive testing also
done using a WATFIV compiler). Three routines (BJS, BYS, BKS) to calculate
Bessel and related functions are called from the IBM SL-MATH library and an
assembly language program to set consecutive array elements to zero, ERASE
(not WATFIV compatible) supported and provided for unrestricted use by M.I.T.
(IPC) is also called,

The FORTRAN program (including comment statements) is 1308 cards long
aud requires about 78 K (1 K = 1024 storage locations (bytes) of 8 bits each)
object code.

The total primary core storage requirements (object code and arrays)
and the CPU processing time required for each of the examples in Chapter 3
and 4 are summarized in Table 5.1. Single precision accuracy (4 bytes,
equivalent to approximately 7.2 decimal digits accuracy) is adopted through-
out, and no secondary storage is vsed. The timing, which includes mesh
generation, but not input/output operations or program compilation, is
calculated from operating system cost summaries and not from direct timing
routines. It is hence only an approximate estimate, and in light of the
findings in Chapter 4, likely to be on the conservative side since an

extravagent number of ccefficients and conservative finite element grids

are always used.

- 117 -



sjuawaiinbay ieuorleindwo) jo Axeumng ¢ 2TQEL

- 118 -

92 008 112 66 a3 pueTs] 213dIT113
'z _ 6L 13 Al gy
2'2 | 928 set w 'z SEY
7' 128 ; 31 & Locey
¢'Z f 078 G6T 9 _ g
L7z | 658 | 561 08 ey
87 | 8.8 ¢61 66 GEY #aog aienbg
8°7 i 173: chl _ 66 cEYy I13pUTTA) pasiAwWI-TUAS
80 ] At 651 66 917 PTag g X 1
L0 w 79¢t 621 66 061 ! pPLi8 QL X Z
vl m 299 _ A 66 99z PTad 1 % 2
9°7 m 008 m LT 66 4} | p1a8 g1 X
” P I9puT[4) waoltup
Mﬁ%ﬂuﬂ%%%:w%h W (21emtxcadde)} lyiprmpueq sumouyuq sumMounun a1 dmexy
23q segrupy | (D pauinbadl -twag | 3US19133200 | TEPON JO
Su1s50201d AdD 23r101g 3400 j0 ¢ TE3IOL daquing




5.2 The Hybrid Finite Element Program

5.2.1 Program Logic
The total program consists of a main program and 19 subroutines.
The program is general with regard to geometry, cheice of grids or
coefficients, or incident wave period or angle, with the exception of
the following routines:
(1) MAIN, the main program which must be slightly modified to reflect
correct array sizes;
(2) INPUT, the inpul program which must be changed for any changes in
geometry or grid structure;
(3) FORCE, this routine to calculate force and moment coefficients

is dependent on the particular body gecmetry; and

(4) MESHO, MESH1. While these mesh genmeration roulines are quite general,
they are particularly suitable for cylindrical geometries as in the
examples treated. Minor modificatinons for other geometries are very
advisable,

The overall program logic is best illustrated in Fig. 5.1 by the

flow of control among the subprograms.
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MAIN

o)

initialize constants and I/0 device numbers

set up and print geometrical and grid

data

loop over each frequency point

input and print physical data

ASEMKV [~ ELKV assemble [KV] corresponding to the volume integral

|

SURFAS FMAP2 assemble into [Kv] the matrix [KF] resulting from
* the integral over the free surface

EIGVAL calculate all required eigenvalues km
+ output summary of eigenvalues etc.

HANKEL calculate all required normalized Hankel and re-

lated functions

output summary of Hankel functions, normalizaticn

factors, etc.

- 120 -



CROSSK

PLOAD

—-FMAPZ]
—FMAPZI

CLOAD

DIAGK

DENSE

50LV

I

BKSUBT

QUTPUT

/

OUTPUT

Continue

assemble matrices / vectors due to

artifieial boundary S

static condensation to eliminate coefficient
unknowns {u}

Gauss elimination to reduce equation matrix to
upper triangular form

back substitution for solution {¢}

print dimensionless nodal potential solution

substltute to recover {u}
unnotrmalize and output all dimensionless
coefficient solutions

cateulare and output oplical theorem results



FMAP2
FORCE , calculate and output force

OUTPUT]

coefficients

end of loop for one wavelength

Figure 5.1 Flow chart for the program
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The following is a description of each of the programs used:

5.2.1.1 MAIN

This main program is responsible for the transfer of control indi-
cated in Fig. 5.1. It also initiates universal constants,
input/output device numbers and performs basic conversions, input and

output, and error calculation {Optical Theorem).

3.2,1.2 INPUT

This subroutine sets up and prints all geometric and grid data.
It must be rewritten for any change in geometry. For all the
examples studied , no data is input and the grids are generated via

calls to mesh generation programs: MESHO and MESHI.

5.2.1.3 MESHO, MESH1

These routines generate vertical cylindrical rings of 20-node
hexahedral elements: the node coordinates and the element node connecti-
vities. The number of vertical, angular and radizl layers of elements
and the positions of the nodal points, as well as the initial values for
node and element numbering can be arbitrarily specified. Node numbering
is radially, from top to bottom and sprials out. By using a suitable
set of calling parameters, the resulting bandwidth of the system can be
minimized. This is achieved in all the examples treated.

The element node connectivities are set-up in the order assumed
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in all the other subprograms.

For grid geometries that can be described in cylindrical coordinates
by constant coordinate surfaces, MESHO and MESHI can be used directly to
generate the complete grid system. When the geometry deviates only
slightly from the former shapes, only those particular regions need to
be input (see Fig. 5.2). For a problem where grid systems of other
analytic (such as rectangular, elliptic, etc.) shapes are more efficient,
MESHO, MESH1 must be modified. The general program structure, however,

is still valid and required changes can be quite minor.

5.2.1.4 EIGVAL

This routine obtains the specified number of eigenvalues km of

Eq. (2.3) by using fixed-peint iteratiom.

5.2.1.5 HANKEL

!

. . (1)
The required functions Jn(korS)’ Hn (kbrs), Kn(km?s)’ Hu (kors)

and K;(kmrs) are calculated and normalized in the following manner:

Hil)(X)

normalized - P(n,x)

@' )

where
(x2 - 1:12)_1115+ for x2 - n2 > vx
P(n,x) = x-l/3 for lx2 - n2| € Vx
@2 = V8 expi-ta? - DM 40 coshTt (D]

for n2 - xz > vx
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Figure 5.2 An example using both automatic generation (in region V) and

direct input {in region V) to set up finite element grids
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and
Kh(x)

normalized - Q(n,x)

(K_())

where

x2 -1/4 ejf n’ + x° (n + /o2 + xz)n
X

Q(o,x) = (a° + x°)

It follows from recursive formulae that

(L) n (1)
thl(x) T x Hn (x)

@M @)

normalized P{n,x)
and
kD - 2B
(X' (x)) . . _n-1 X _n
n normalized Qi{n,x)

Jn(kors) occurs only in the right-hand side vector and is not
normalized.

The above normalization is clearly not unique but is adequate to
make the special functions involved to be of order unity for the

entire range of m and n. These normalized values are used throughout the
programs. Although the final system of linear equations is well condi-
tioned, this normalization may be important especially when round-off

accumulation may be significant.
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5.2,1.6 ASEMKV and ELKY

ASEMKV assembles the global matrix [KV} from the element matrices
[Kz] which are calculated in ELKV using numerical integration. The
mathematical procedure is as described in Section 2.1, whiech involves

the isoparametric mapping (2.1.5).

5.2.1.7 TFMAP2

This mapping routine is called by four other programs SURFAS, CROSSK,
PLOAD and FORCE. It perfeorms the numerical isoparametric mapping from
one face of the parent element in local coordinates onto a face of the
daughter element on the free surface F or the cylindrical surface S in
global x,y,z coordinates. The Jacobian and/or the corresponding global
coordinate values are returned as required for numerical quadrature

(see Egs. (2.1.5), (2.2.4), (2.3.2.0)).

5.2.1.8 SURFAS

The matrix [KF] due to the integral over the free surface, 12, is
assembled directly into [KV] from each element on the free surface.
Numerical integration is performed in local coordinates and mapped into

global coordinate space (see Section 2.2).
5.2.1.9 CROSSK, PLOAD, CLOAD, DIAGK

These four routines construct respectively [KC], {o}, {91}, Ik 1,
P C D

winich are the vectors and matrices resulting from integrals on the
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artificial boundary 5 (13-16). CROSSK and PLOAD require quadrature and
mapping, while {QC} and {KD] are evaluated directly. The procedures
follow quite directly from Section 2.3.

The load vectors {QP}, {QC} are nondimensionalized by the factor
iga

(- ” 0), i.e.,
{o,}
({QP})dimensionless B igao
-4
and
{q.}
({QC})dimensionless = igao
(= =)

The resulting nodal potential and series coefficient solutions are hence

also dimensionless:

{¢}
dimensionless iga
2)

(-

({oh

[

and

_ {p}
({u} )dj_mensionless - igao
(- )

W

5.2.1.10 DENSE and COEFF

For computational efficiency in Gauss elimination, DENSE performs
static condensation to eliminate the unknowns {1} (see Eq. (2.5.9.3)). No
matrix inversion is required here as [KD] is diagonal. Subroutine COEFF

recovers {p} by substitution (Eq. (2.5.8)) of the solution {¢}.
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5.2.1.11 SOLV and BKSUBT

We have used two general routines to perform Gauss elimination and
back-substitution respectively for a system of linear algebraic complex
equations. The coefficient matrix of the equations is symmetric and
banded, and is therefore stored in a symmetric packed form.

No pivoting (partial or complete) is performed (or is necessary).

5.2.1.12 TFORCE
This program calculates force apd mement coeffi-

cients (Egs. (3.1.1.a,b) from {$}. Numerical integration is performed

using Eq. (2.4.2),

5.2.1.13 OUTPUT

This routine outputs the real and imaginary parts and the magnitude

and phase of each entry of a complex vector.

5.2.2 Input Requirements

In addition to the geometric input and the finite element grid as
described in Section 5.2.1.2, we must prescribe physical data regarding
the incident wave, ﬁhe number of eigenvalues and of the coefficient un-
knowns for each frequency point to be solved. These are described here.
We remark that if the boundary geometry is complicated so that additional

input cards are needed, they must preceed those described in the present

section. The following input is required:
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CARD NO. DESCRIPTION OF INPUT FORMAT

1 NCASE: a right-justified integer giving the 15
number of frequency points to be analyzed in
the current run
2 NWK, THETAI, WAVET I5, 2F15.7
NWK = right-justified integer representing no.
of eigenvalues ko, kl, . kNWK—l to be used for
first frequency point
THETAL = floating-point number for the wave
incident angle in radians
WAVET = floating-point no. for the normalized wave

period: WAVET = T/V -g-where T is the wave period
3 NO, Nl, ey NNWK-l 2014
(if WK > 20, continue on as many cards as necessary)
right—justified integer indicating number of coeffi-
cient terms chosen for eigenvalues ko, kl, ey kNWK—l’

e,g.,, if N, = 3, then cos 00, cos 8, sin 9, cos 20, sin 286,

0
are included,

Repeat cards 2 and 3 (or more cards) for as many points as indiciated in

card 1.

5.2.3 Qutput Format

The INPUT program prints a summary of geometry and physical data:

a) far-field depth, radius of cylindrical surface § and other

geometrical data,
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b) total number of nodes and elements,

¢) elements on S, on F, on B, etc.,

d) a node-coordinate table,

e) an element-connectivity table,

f) information on semi-bandwidth of resulting matrix.

For each frequency, the following results are printed:

a) wave period and angle of incidence,

b) table of the eigenvalues and the number of coefficients chosen for
each,

¢) table of Bessel functioms required,

d} table of normalized (modified) Hankel functions and their derivative
and the normalization factors P and Q,

e) complete list of all dimensionless nodal potentials solutions

({¢})

dimensionless’®

f) complete list of unnormalized dimensionless coefficient solutions,

g} optical theorem results,

h) force coefficientcs.

3.2,4 TIllustrative Example: Program Listing, Sample Input and Cutput
The program listing together with sample input and output are pre-
sented here for the case of the semi-immersed cylinder using five

eigenvalues as described in Section 3.2.

5.2.4.1 Variable name table
The following is a list of variable names used in the main program,

these names are preserved as far as possible in the subroutimes. The
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radius of the cylinder a and the incident amplitude a are used as normali-
zation factors throughout. They are assumed to be unity and do not appear

in the programs.

Program Variables Explanation/Notation in Text Type

Variables in common:

NELE total number of elements/ M, INTEGER*4
NNOD total number of modes/ NV "
NS number of elements on F n
NB number of elements on 8 "
NODR number of necdes on S/NS n
NEQT number of equations In final "

condensed system, equals NNOD

T

NBAND semi-bandwidth of final condensed
system
NMAX NO 4+ 1 "
M
NTOTL % (Ni + 1) "
i=0
NTOQTL2 total number of coefficients used/ NT "
NWK number of eigenvalues chosen in "
1
+
¢S/M 1
NMAX2 number of coefficient terms for "

M = O/NMAX*2 - 1
i

NFX number of elements on circumference

of cylinder of radius a
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NFZ

IREAD

IWRITE

THETAT

WAVET

R

H

HH

number of elements on bottom of INTERGER*4
cylinder of radius a

card input device number
printer output device number
wave incidence anglefGI REAL*4
. . T
normalized wave period/——

valg

radius of S/rS

asymptotic depth/h

depth of immersion/H

[mportant variables not in common:

NCASE

PAT

OPR

0PI

cJ

Arrays:

NCON (3, NELE)
NELES (NS)
NELEBR {NB)

NCOF (NWK)

NELEFX {NFX)

NELEFZ (NKZ)

WK {(NWK)

WKH {NWK)

number of frequency points to solve INTECER*4
i REAL*4
right hand side of Optical Theorem "

left hand side of Optical Theorem

—-i COMPLEX*8

matrix of element node connectivities INTEGER%4

vector of numbers of elements on F "

vector of numbers of elements on § "

vector of number of coefficients chosen
for each eigenvalue/(Ni + 1)

vector of numbers of elements on
cylinder circumference

vector of number of elements ou
cylinder base

vector of eigenvalues km REAL*4

vector of k h values T
m
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WKR (NWK) vector of k rg values REAL %4

XJ (NMAX) vector of J_(k r.) values "
SN (NMAX) workspace required by routine CROSSK "
CS (NMAX) workspace required by routine CROSSK "
WORK (NMAX) workspace required by routine HANKEL "
XYZ (3, NNOD) matrix of node coordinates "

1"

FNORM (NWK, NMAX) matrix of normalization factors for

Hankel functions, ete./P(n,x), Q(n,x)

SYSK (NEQT, NBAND) (X, COMPLEX*8
SYSQ (NEQT) {Q,} "
SYSKC (NODR, NTOTL2) (K] "
SYSKD (NTOTL2) {KD] {(diagonal) "
SYSQM (NTOTL2) {QC} "
XH (WK, NMAX) matrix of (Hél)(kors))normalized and )
(Kn(KmrS))normalized values
DH (NWK, NMAX) matrix of ((Hil)‘(kors))normalized and "
(K'( r.)) values ~

n m S ‘normalized

5.2.4.2 Sample Input
For one wavelength solved, only three cards are used:

CARD COLUMN 12345678901234567890123456789012345678901234567890. ..

Card 1: 1
23 5 7.8839178 3.1415926
3: 12 10 10 10 10

5.2.4.3 Program listing
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6. CONCLUDING REMARKS

6.1 Suggested Improvements

In general, especially when larger or more complex geometries, or
incident waves of higher frequency are to be studied, the following modifica-
tions and extensions to our present program are recommended (and may be
necessary) :

Al Seconcary storage: The large core requirements we experienced strongly
suggest the use of additional storage on secondary devices, which
enables many core—saving alternatives:

1) Data storage: When many different wavelengths or modes are to be

analyzed using the same grid structure, a large portion of the
data (such as geometrical information, the global matrix [KV] due
tc the volume integral) can be saved in secondary storage and
need be initiated orly once.

2) Program overlay: The present fldw of control among the programs
recuire only a few programs to be in core at one time while all
the other subroutines may be stored externally. Such z scheme
results in only a small primary storage saving, however, as the
total ohject code is only nv 80K long.

3) Partitioning: This is the most useful and often necessary extention
to a program using Gauss elimination for solution. While partition-
ing a Gauss elimination solver is straightforward, efficient
assembling of the equation matrices in partitioned form require
special manipulations. Experience with similar procedures in

other probtlems (such as finite element methods in structural
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mechanics), however, can be adapted quite directly.
Conversion to double precision: In this type of problem, a sizeable
number of complex unknowns together with a large bandwidth are in-
volved. The great number of operations required to solve such a
system necessitates a careful consideration of possible round-off
accumulation. Our experience in this and other problems indicates
that in some of the examples presented ( ~ 500 unknowns, ~ 200 band-
width, -~ 107 complex operations), we are already close to a regime
where the accuracy of single precision becomes inadequate. By con-
verting to double-precision, round-off accumulation error 1s essenti-
ally eliminated, While in principle, the conversion ig trivial in our
present program, the increased storage need makes other modifications
involving use of secondary storage {such as partitioning) necessary.
The increase in computational time associated with double precision
ig, however, not significant.
Substructuring: By treating the overall finite element domain as an
assembly of several smaller regions, the overall problem can be
analyzed separately in terms of each of these substructures. Such a
modification is particularly effective when the geometry or expected
physical behavior suggests ready subdivisions of the element domain.
In an attempt to extend the original Atlantic Generating Station two-
dimensional finite-element problem {Chen and Mei, 1974) to higher
frequencies, a new program using secondary storage capabilities which

involved sub-structuring (see Fig. 6.1) (but not partitioning) was
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Figure 6.1 Substructuring the AGS into four regious
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previously developed by the authors but was nct completed for lack

of time. Our experience indicates that it is always important to
include all the elements on the artificial boundary in one substructure
to avoid unnecessary increase in bandwidth.

Use of symmetry: When the geometry under consideration possesses one
or more vertical planes of symmetry, the program can be modified so
that only orne symmetric segment need be gtudied. The procedure is
illustrated schematically in Fig. 6.2 for the case with & single

plane of symmetry. While two separate {one symmetric, one antisymmetric)
problems must now be solved, each of them only involves half the
original number of nodal unknowns and bandwidth. The new computational
time required would only be one-fourth and the storage one half of

the non~symmetric problem. Again, a two-dimensionsl finite element
program using symmetry was previously developed and tested. The
treatment of the symmetric (half) problem with a semi-circular outer
boundary and Neumann tourdary conditions on the plane of symmetry is
similar to Chen and Mei for their rectangular and semi~circular
harbors. For the antisymmetric (half) problem, the Dirichlet boundary
conditions on the symmetry plane are imposed as essential boundary

conditions (lozdings) after the global matrix is assembled.
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6.2 Recommendations and Gost Bstimates for the Atlantic Generating
Station Problem

For the specific case of the offshore harbor problem for the Atlantic
Generating Station the following extensicns to the present program are
recommended:

D Change all storage variables from single- to double-precision
accuracy;

2) full partitioning in assemblage and Gauss elimination solution by
using secondary storage; and

3) if an assumptiou of symmetry is reasonably valid (i.e., if the ocean
bottom contours run approximately parallel to the length of the
generating station), modifications be made to utilize symmetry to
solve only a (symmetric) half of the problem.

Assuming a mean radius, a, of the circular breakwaler of about 900
feet and a mean storm far~field depth of » 70 feet, we estimate, using
our earlier criterion (Section 4.2), that a total of ~ 6500 nodes with a
bandwidth of * 550 is required for a n 8.5 second or higher (ka I 17)
incident wave. About 6 hours of computational time would be required for
each wavelength (or mode), and if symmetry is present, about 1.8 hours
per point. The above estimate is arrived at by a direct extrapolation
of the timing of the present examples which use no secondary storage.
Clearly, an appreciable cost associated with the necessary input/output
operations between primary and secondary devices, which is very much
machine dependent, must also be added.

Finally, the problem of radiation of waves due to forced oscillations

of one or two platforms in the AGS harbor can be treated by the wave force
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program with very little modification required. This is due to the math-
ematical similarities in the two problems. Since there are six degrees

of freedom for each platform, the number of added mass and damping cceffi-
cients involved is of course large and the total computer time needed

depends on the thoroughness of the investigation intended.

6.3 Conclusions

The hybrid element method presented im this work is found to be a
powerful one for three-dimensional water wave scattering problems. While
only relatively simple geometries have been studied, it is c¢lear that by
using secondary storage and increasing precision of machine representation
to reduce round-off accumulation error, the extension to treating more
complicated structures including depth variations is srraightforward. The
method is hence a practical one for engineering applications.

1n our numerical cxperiments using simple geometries, the bybrid
clement method is already quite competitive with known Green function
schemes. Experience indicates that our computing cost is essentially
governed by the number of finite element nodes. For finite element
method, the number of nodes increases with the fluid volume, while for
Green function method the number of area elements required increases with
the total wetted solid surface. Thus as the number and complexity of solid
components increase in a given fluid region, we expect the hybrid element
method to be less costly while the opposite is true for Greeun function
method. In light of this, and of the virtual lack of any tedious analytic

preparation required, the hybrid element method, is, in our opinion a
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powerful alternative to the Green function method for three—-dimensional
water wave problems.

We emphasize once more that the problem of radiation by an oscillating
body is mathematically very similar to the scattering problem we have
treated. The linearized boundary value problem for a radiation problem is
obtained by setting the incident potential ¢1 to be zero and replacing
¢S by ¢ = ¢r (radiated potential) in Bgs. (1.2.1) - (1.2.4), and requiring
further that

3 _
T - 'n

on the oscillating body SB where Vn is prescribed for a given oscillating

mode. The proper functional is now (Bai and Yeung, 1974):

i 2 UJZ 2 -
J($) = J 5 (V) *av - [ o 42 dF - I v_¢ds
F

B

The modification of the present program to solve the radiation problem can
be trivially achieved; the forcing comes now from the integral over SB_and
not §. The total coefficient (stiffness) matrix is completely unchanged,
while the forcing integrals 15, I6 (see Eq. (2.0)) are no longer present

and all the forcing terms come from the integral

J V_ods
5

which can be directly evaluated by quadrature after Vn is given or computed.
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APPENDIX A

A PROOF OF THE OPTICAL THEOREM

of stationary phase.*

The.Optical Theorem for three-dimensional scattering of water waves
(Eq. 4.1.2) can be proved by applying Creen's Theorem and using the methed

Consider an incident wave given as in Eg.

¢y =

{(2.1.a):
iﬁi_ E?fEHEH£Z+h) ~ikgor cos{(8-071)
w cosh koh

- b fo(z) eikor cos(6-07)

(A.1.a)
where we have defined
/5 cosh k,(zth)
fU(Z) =

= “h

+& sinh® k h
[V} [0}

(A.1.b)
and
iga vh + ig sinhzkoh
b = (- " ) - , a constant (A.l.¢)
g ¥Z2 cosh koh
and h is the far-field constant depth.

ikgor

v

€

At infinity, the scattered wave (Fg. (1.3.4)) can be written as
¢s v e A(d) fo(z)

T

(k. r > =)
Q
[4]

(A.2.a)

*The proof here is quite well-known in c¢lassical physics and is not
different in essence from that given in Gottfried, 1966.
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where we défine

igao -1 ® 1 , 9
) T (-1 (aon cos nb + Son sin nd) (A.2.h)

A(B) = ~ (

and

¢ =hb /-%' e_iﬂ/4 cocgh koh (A.2.c)

Applying Green's Theorem to ¢ = ¢I + ¢S and ¢* over the entire fluid region,

Vv, we have

0= | (ovior - grripay J (¢ 3 - gx $Dyas,, 4.3
v 8

oo

by virtue of Eq. (1.2.1) in V, and Eq. (1.2.2), (1.2.3) on F and B

respectively.

It follows that

J In [¢%‘8§ 1ds =0 (A.4)
S

(=]

and upon substituting in Egs. (A.1), (A.2), expandipng and performing depth

integration, we have
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2%
0= J dor Im [~k |b|* cos(® - €7) 1

-ikyr[l-cos(0 - 811

0 or

1im (%" e
+ kor*w I d8r Im [—ikobc* Ax(8)

ik r{l-cos(6 ~ 61)]
vk r

D

iko b*c A(B) = cos{8 - 81)]

2%
- 1e]? J de |A(®)|? (A.5)
0

where order (kor)_”2 terms vanish in the limit.

Now, the first integrand is periodic im 6 and the integral vanishes
identically. The second integral, I (say), can be evaluated using a
stationary phase argument since kor >> 1. In this limit, centribution to
the integral is neglegible except near statiomary phase points 6 - BI =0

and 7, in fact, only for
(8 - 6% v Ok D) = (say) (€ < D
and

(8 - 8- m2 O(er)_l
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Fxpanding cos(6 - GI) in Taylor seriles in turn about zero and T, keeping
only leading contribution in both exponent and coefficient, ard evaluating

A at the stationary points, we have

E
_ 2
T tm [ -1 VT bok AK(O)) J otk (8 = 0D %/2 46 | 0,) - C.C.]
-
£
+In [ -i /KT bek A%(8 + ) J e~ 2tkoT y(a - 6, = M +C.C.]
' -E

(k. r »® ,g << 1)
o]

where C.C. denotes the complex conjugate of the preceding term. Now the
second term vanishes identically upon taking the imaginary part, and the

first term can be rewritten so that

|24
N 24
Inv2Im [ -1 vk T bex AX(8)) J o 1kor(0 = 8D /2 g _ 6,]

(kcr +w, g << 1)

Set

2 _ 4 _ 2 - - 2
5 1k0r (0 BI) f2, 1.e. 8 81 y ikor s,

then on taking the limit
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=]

e ds]

7 Ae g2
I=21In] —ifi—bc* A*(@I) I

_im

The Fresnel integral is simply YT, and substituting in Eq. (A.2.c) for b, we

finally have

2

. _ _2m |c|
I == ccsh koh Re[A(BI)]

whence, Eg. (A.3) becomes

2m
|2
0=- cz:h ; h Re[A(BI)] = |e|? J |A(e) % a8
o 0
or
27 Re[A(6,) ]
21 2 an m 7T
Z“J |AC@Y|* de = - ooy k b
0

as stated in Eq. (4.1.2).
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